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WYX[Z]\_^;`Va;Z+bdcfegfehJcfi9jda:Z
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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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[;!m jY\scgfcfZ x \sceJH| l ecZsZ x J\sa&{YaVZ]XYZ]\_^;`Aa:Zq{da& xS cfh x \sceJ z eJj l g  x c{YaVg x |~}dc l j l hJca x
z a l `VcfZ{daq x |$cfgc\_a l ga:Z+c9\sa ls aR9\sceJ2Z x cf2Z]c1i9jdag xAz g x dc| x \_cfe {Ya;Z+hJa;Z]\_a;Z+|~}dc l j l hJcf| x jY¡£¢[¤u¥ x Y¦
`VeJc2Z;§;{ x 2Zga"| x Z{Ya"g x da;j l eY|~}dc l j l hJca-eJ¨ ga©ha;Z]\_a*e z ¥ lsx \_eJc l am{Yec\ªR\ l a*\ l ^;Z zdl ¥;|$cZ;§$ga:ZZ_XYZ\s^R`Va;Z
x |3\sjdaRgZZ_e9\-gcf`Vc«\s¥;Z-y| x j2Z_a+{Ya{d¥$¬e l ` x \sceJ2Z z a l ¦=e z ¥ lsx \_eJc l a;Zde`V`V¥Ra:ZM­_® lsx c¯WY}dc«°\]±~¢  a"\sa l `Aa
{da  ® l~x cf	W[}dc°\  \ l~x {Yj2c«\ugfa `Vej  aR`VaR9\u{Ya;ZZ]\ l j2|$\_j l a;Z|R¥ l ¥Rb l~x gfa;Z xolsl c )x 9\ xozdl ^;Z+eJj  a l \sj l av{Ya
g x bMec\_av| l~² dcfaRd2a&³´nj2Zsi9j  ¯o`V`µ$¢  a l a;| x g x ha l chJcf{da l ¥ x gfcfZ_¥ z2xl gfaqZ_XYZ\s^R`Vay{YaqdaRj l e xS cfh x ¦
\sceJ¶a;J\ l avgfa;Za$¡ x `Va;2Z zdl ¥;e z ¥ l~x \sec l a:Z*a$\g x&z eJZ_c«\sceJ{Yj z2x \_cfaR9\a;	Z x gfgfaq{  e z ¥ l~x \sceJ¶a;Z]\{Ye2|
a;9\ x |~}2¥·{  j2daHcf` zdl ¥:|$cZ]cfe¢©rucf2Z_c7§gfa;ZcfY¬e l ` x \sceJ2ZV¬eJj l 2ca:Z z2xl gfaHZ]XYZ]\_^;`Aa¸{YaH xS cfh x \_cfe
{da  ca;dda;J\ z2xl \sca;ggfaR`Va;J\eJb2Z]eJg^R\_a:ZR¢"¹©a{YeY|$jd`Va;J\ z2l e z e9Z]a	jdda zdl ¥;Z_aR9\ x \_cfeº{Ya;Z{Yc»C¥ l aR9\sZ
\sa;|~}d2cfi9jda:Z*{Ya`Va;Z_j l aaR\"{Yau|$eJ` z a;2Z x \_cfeV{Yj  ® l~x cfW[}dc°\  ¢  a:Z xS)x 9\ x h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  ¥;dcfaR9\sZ*{Ya
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zdzdl eY|~}daZ_a l e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2¥;Z xSSx 9\-{Ya|Re2|Rgj l a zxol jdda+b l ^  a zdl ¥;Z_aR9\ x \_cfe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{da )x gc{ x \sceJaR¡YcfZ]\ x J\sa;Z;¢
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ÂÃ/ ® l~x cf WY}dc«°\:§ w a:| x g x hJa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 ¤ xS cfh x \_cfe Z_X[Z]\_a;`ZbMa;|$eJ`Va x a l X x \]\ lsx |3\_c  a·\_e[egvc Z]j l hJcf| x g z g x 2dc2h x {
z2l eY|$a:{Yj l a¢uea  a l §d\s}da x |;|$j l~x |RX x 2{·jZ]aR¬jdg2a;ZsZeoZ_j2|~}/Z]XYZ]\_aR`ZcZvgcf`Vc«\sa;{/c zdl a;Z_aR2|Ra¯e
Z_eo°\_¦7\scfZsZ_jdam{Ya$¬e l ` x \_cfe2Z;¢Ñ da;j l e9Z]j l hJa l X§~\_}2cfZ z }daR2e`VaRdeJ cfZ| x ggfa;{u­_® lsx c W[}dc°\±3¢+}2a­]® l~x cf
Z_}dc°\±cfZ*\_}dau`Ve\_cfeVeo£|$a l a;b lsx gdZ\ l j|3\_j l a:Z-e[|;|$j lsl cdh x °\_a l \_}day| lsx dcfeo\_eJ`&X³Ãj z \_e&J)`V`µ3¢+}da
2aRj l e xS cfh x \_cfeZ_X[Z]\_a;` ` x \~|~}da;Z l chJcf{YgfX\_}2a z2l aR¦=e z a lsx \_c  a"cf` x hJa;Zc«\s}&\s}daZ]j l hJcf| x g92aRg{£¢+}da
}[X z eo\_}2a;Z_cfZ©eo xl chJcf{ l a;hcZ\ lsx \_cfecZ©2e¯gfedhJa l)x gfcf{ba:| x j2Z]aqeo{da$¬e l ` x \sceJ2ZR¢+}dcZ+{YeY|$jd`Va;J\
z2l a:Z]a;J\~Z x Z_j l_ aRXc«\s}/|Rg x Z_Z_c| x \_cfeeo z jdbdgfcfZ_}da:{H`Va$\s}deY{dZq\_e	`Va x Z_j l a x 2{H|Re` z a;2Z x \_a&¬e l
\s}da b l~x cf	Z_}dc°\;¢+}2a Sxl cfejZ )x gc{ x \sceJ¶ l~x `Va©e l! xol a x gZ]e zdl a;Z_aR9\_a:{£¢
"$#&%CÀ('&½)! ® l~x cf	WY}dc«°\:§ w a;hcZ\ lsx \_cfe1§Y¤yaRj l e xS cfh x \_cfe1¢
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3 ¢ k*xl `AeY{Y¥;gcZ x \_cfe¢ ¢¢ ¢¢ ¢¢ ¢ ¢v¢ ¢¢ ¢¢ ¢ ¢¢ ¢¢ ¢v¢ ¢¢ ¢ ¢¢ ¢¢ ¢¢ ¢ ¢v¢ ¢ 
3 ¢J¢ FeY{Y^Rgfa;Z zdl ¥;{dcf|$\_cÃZ ¢¢ ¢ ¢v¢ ¢¢ ¢¢ ¢ ¢¢ ¢¢ ¢v¢ ¢¢ ¢ ¢¢ ¢¢ ¢¢ ¢ ¢v¢ ¢ 
3 ¢J¢  FeY{Y^Rgfahjdc{Y¥ z2xl cf` x hJa l cacfJ\ lsx e z ¥ l~x \sec l a¸¢ ¢v¢ ¢¢ ¢ ¢¢ ¢¢ ¢¢ ¢ ¢v¢ ¢S
3 ¢J¢ 3 ¹©e2|Rgj2Z_cfe ¢¢ ¢¢ ¢¢ ¢ ¢v¢ ¢¢ ¢¢ ¢ ¢¢ ¢¢ ¢v¢ ¢¢ ¢ ¢¢ ¢¢ ¢¢ ¢ ¢v¢ ¢S
3 ¢  k*xll a:| x g x hJaq{  cf` x ha:Z+c9\ l~x e z ¥ lsx \_eJc l a;Z ¢¢ ¢ ¢¢ ¢¢ ¢v¢ ¢¢ ¢ ¢¢ ¢¢ ¢¢ ¢ ¢v¢ ¢L
3 ¢ d¢ F¥$\s}deY{Ya;Z+b x Z]¥;a;ZZ_j l g  cf9\_aRZ]c\_¥ ¢¢ ¢ ¢¢ ¢¢ ¢v¢ ¢¢ ¢ ¢¢ ¢¢ ¢¢ ¢ ¢v¢ ¢:
3 ¢ d¢  F¥$\s}deY{Ya;Z+b x Z]¥;a;ZZ_j l gfa;Z|$eJ9\_ej l Za$\yZ_j l  x |Ra;Zq¢v¢ ¢¢ ¢ ¢¢ ¢¢ ¢¢ ¢ ¢v¢ ¢ H
3 ¢ d¢ 3 ¹©e2|Rgj2Z_cfe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H¢ w a;| x g x ha l cfhc{Ya ¢ ¢ ¢¢ ¢¢ ¢¢ ¢ ¢v¢ ¢¢ ¢¢ ¢ ¢¢ ¢¢ ¢v¢ ¢¢ ¢ ¢¢ ¢¢ ¢¢ ¢ ¢v¢ ¢ 
H¢J¢ FcfZ_aaR|$e l_l a;Z z e2{ x 2|$av{Ya z ecfJ\~Z¢ ¢ ¢¢ ¢¢ ¢v¢ ¢¢ ¢ ¢¢ ¢¢ ¢¢ ¢ ¢v¢ ¢ 
H¢J¢  ¹©e` z2xol~x cZ_e xS a;|qjd x gfhe l c\_}d`Va l ¥R¬¥ l aR2|Ra¢ ¢v¢ ¢¢ ¢ ¢¢ ¢¢ ¢¢ ¢ ¢v¢ ¢ 3 
H¢  w a;| x g x havde l chJcf{da¯¢¢ ¢¢ ¢¢ ¢ ¢v¢ ¢¢ ¢¢ ¢ ¢¢ ¢¢ ¢v¢ ¢¢ ¢ ¢¢ ¢¢ ¢¢ ¢ ¢v¢ ¢ 3 
H¢ d¢ ¹©e}d¥ l a;2|$a{Ya g x |Re` z eJZ_c«\sceJ	{Ya\ lsx 2Z]¬e l ` x \_cfe2Z¢ ¢ ¢¢ ¢¢ ¢¢ ¢ ¢v¢ ¢ 3 
H¢ d¢   x jY¡{Ya l a;|Rej [l aR`VaR9\¢ ¢v¢ ¢¢ ¢¢ ¢ ¢¢ ¢¢ ¢v¢ ¢¢ ¢ ¢¢ ¢¢ ¢¢ ¢ ¢v¢ ¢ 3 
H¢ 3 ¹©eJ2|$gfj2Z_ceJ ¢ ¢¢ ¢ ¢¢ ¢¢ ¢¢ ¢ ¢v¢ ¢¢ ¢¢ ¢ ¢¢ ¢¢ ¢v¢ ¢¢ ¢ ¢¢ ¢¢ ¢¢ ¢ ¢v¢ ¢ 3 
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ru2{Yaq x |Rcgfc\_a l gfa;Zc9\sa ls aR9\sceJ2ZmaR\+{  x j2h`VaR9\_a l gfa;Z z a l ¬e l ` x 2|$a:Z"{Ya:Z z2l eY|$¥:{Yj l a;Z"daRj l eo¦
|~}2c l j l hc| x gfa;Z;§g  jY\_cfgcZ x \_cfe	{YaZ]XYZ]\_^R`Va:Z{daqda;j l e xS cfh x \sceJa;Z]\+{da z gfj2Z+a; z gfj2Z|$eJj l~x 9\_ay{ x 2Z
gfa;ZyZ x ggfa;Z{  e z ¥ l~x \sceJ1¢¹©a;ZyZ]XYZ]\_^R`Va:Z z a l `Va$\_\_a;J\v{  x cf{da l gfa daRj l eY|~}dc l j l hcfaR	 z g x dc2a l g  x |3\sa§
` x cfZ+Z_j l \sejY\{Yavhjdc{Ya l |RaRgfjdc¦É|RcMa;Z x gfgavgfe l Z©{Yavg x&zdl eY|$¥:{Yj l av zdl e zdl aR`VaR9\ z2xol ga l ¢&ÑgCa;Z]\ x cZ]c
z eJZsZ_cbdgfay{Ya l ¥:{Yjdc l aug  c )x Z_c  c\_¥u{Yaqg  e z ¥ l~x \sceJVaRV¬ej l dcZsZ x J\ x jda;j l eY|~}dc l j l hJca;A{da;ZmcfY¬e l ` x ¦
\sceJ2ZmcZsZ]jda:Z"{Ya:Zmcf` x ha:Z zdl ¥Re z ¥ lsx \_eJc l a;Z;§)|$e`V`Vayg x gfeY| x gfcZ x \_cfe{Ya\sjd`VaRj l ZR§[{  x dhJceJ`Va;Z*eJj{Ya;Z
{dedd¥;a;ZcfZsZ_jda;Z-{Ya:ZaR¡ x `VaR2Z¬eJ2|3\sceJddaRgZ;¢ k eJj l |Ra" x c l a§ScfgYa;Z]\!2¥;|$a:Z_Z x c l a"{  a$»Ca;|3\sjda l gfa l a:| x g x hJa
{da;ZuaR¡ x `VaR2Z zdl ¥;e z ¥ l~x \sec l a:Z xS a;|g xz eJZ_c«\sceJ·{Yj z2x \_cfaR9\q{ x 2Zug x Z x gfga{  e z ¥ lsx \_cfe1¢Mrg  }da;j l a
x |3\sjdaRgfgaJ§[ga:ZZ_XYZ\s^R`Va;Z{YavdaRj l eJ xS ch x \_cfe l ¥ x gcZ_aR9\©|$a l a;| x g x hay{daq` x 2c^ l a l cfhc{YaJ¢[W[c z ej l gfa;Z
x |3\sa;Z+|~}dc l j l hc| x jY¡e¨ga:ZZ\ l j2|$\_j l a;Z+|Rcbdgfa;ZZ_e9\Z\ x bdgfa;Z|Raq`VeY{Ya {Ya l a;| x g x haqa;Z]\ z a l \_cfda;J\:§Yg x
z2l ¥:Z]a;2|$av{Yav{d¥$¬e l ` x \sceJ2Z©{dj|$a l_ a x j x j|Rej l Z{Ya;Ze z ¥ l~x \sceJ2Zm2aRj l eY|~}dc l j l hc| x ga:Z x »Ca;|$\_aR9\+g x
z2l ¥:|$cZ]cfe	{Yj l a:| x g x ha¢d¹©a;Zy{Y¥$¬e l ` x \sceJ2Z+|$eJd[jda;ZZ_ej2Z+gfa\_a l `Va {Yay­]b l~x cf	Z_}dc°\± xozdz2xlsx cfZsZ_aR9\
z2l cf2|$c z2x ga;`Aa;9\ xoz2l ^:ZyeJj  a l \sj l a¯{Ya¯g x {dj l aR¦=`V^ l aA¶| x j2Z_a¯{Ya z gfj2Z]cfaRj l Z z }d¥;de`V^R2a;Zg x¶z a l \_a
{da&gfcfi9jdc{Ya¯|R¥ z } x gfeo¦ lsx |~}dcf{dca;1§dg  jY\scgfcZ x \_cfeH{YaA{Ycfj l ¥R\_ci9jda;Z;§2g  x » x cfZsZ_aR`VaR9\q{Yj/|$a l_ a x j aR\qg  x |3\_a
|~}2c l j l hc| x gMaR gfjdc1`VªR`Va|Re`V`Vavg xAl ¥:Z]a:|3\sceJ	{Yag x \_jd`Va;j l ¢
kml cf2|$c z2x gfa gcf`Vc«\sa·{Ya;Z¶Z]XYZ]\_^R`Va:ZA{dadaRj l e xS cfh x \_cfe x |3\_j2aRgZR§*g x |$e` z aR2Z x \sceJº{dj  b l~x cf
Z_}dc°\   x c«\ug  ebYnaR\{da deo\ l a¥$\sj2{YaJ¢M¹©a{YeY|$jd`Va;J\a:Z\ue l h x dcZ]¥v{Ya g x ` x dc^ l a Z_jdc Sx 9\_a
 x Z_a;|$\_cfe z2l e z e9Z]ajd ¥$\ x \u{Ya g  xl \y{da;Z|$eJd x cfZsZ x 2|$a:Z x |3\sjdaRgfgfa;ZZ_j l g  x ` z gfc\_j2{Ya aR\ug x{Yc l a:|3\_cfe {Yj3b lsx c Z]}2c«°\)¢
 x Z_a;|$\_cfe 3 zdl ¥;Z_aR9\_a jd2a{Ya;Zs| l c z \_cfe{Ya;Zu`A¥R\_}deY{Ya:Zy{Ya|Re` z aR2Z x \sceJ {dj  b l~x cfZ]}dc°\  ¢qx 2Z¯jd zdl aR`Vca l \saR` z Z¯ga  a l Z x 9\`AeY{Y¥;gcZ x \_cfeb2ceJ`A¥:| x dcfi9jdaZ]a lsxx be l {Y¥J§ z j2cfZ;§gfa;Z
\_a:|~}ddciJj2a;Zb x Z]¥;a;Z+Z_j l jd l a:| x g x hay2e l cfhc{Ya Z_a l e9\+{d¥;| l c\_a;Z;¢
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|$e`V`VaHcf2{Yc| x \_a;j l {dj
`VeJj  a;`Aa;9\{da;Z|$eJj2|~}da:Z z gjZ zdl e¬e2{da;Z+a;Z]\jdda a l_l aRj lx j  j {Ya gfaRj l Z+eb2Z_a ls)x \sceJ2ZR¢
à¬í!á1à°ã
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" x jY\ l a·`VeY{ x gfc«\s¥¸{  cf` x ha l cfac9\ lsx e z ¥ l~x \_eJc l a jY\_cfgfcfZ_¥Ra/{ x 2Z¶g  ¥$\sj2{Ya {Yj $b lsx c Z_}dc°\ a:Z\
g  ¥;|~}deJh l~xoz }dcfa¢ k ej l a$»Ca;|$\_jda l gfaRj l `Aa:Z]j l aJ§!¹©e`Va x j 
4 7f;8"jY\_cfgfcfZ_aR9\¯j2daZ]eJ2{Ya¥:|~}deh lsx ¦
z }dcfi9jda Z_jdc  cfa zxol jd\ lsx |  a l e z \scfi9jdaJ¢  a x c\V{Ya Z_jdc [l a¶g x Z_e{Ya{ x 2ZAg  a;Z z2x |$a{dag x Z x gfgfa
{  e z ¥ lsx \_cfe z a l `Va$\v{Ya|$eJd x 2\ l ag xVz eJZ_c\_cfe{Yag  cf` x hJa KvW  x |Ri9jdcZ]a{ x 2Zgfa  eJgj2`Aa  w F
3 z2l ¥;e z ¥ l~x \_eJc l a¢ Ñg+a;Z]\ x cf2Z_c z e9Z_Z_cb2ga	{  aR¡[\ l~x c l aj2da	|Rej z a |$eo¦ z g x  x c l a·g  c` x hJa¶jdg\ l~x Z_eo¦
2e l a   {Ya g   w Fa$\{YeJ2| {Ya·Z_j z a l_z eJZ_a l jd2ac` x hJa   zdl ¥Re z ¥ lsx \_ec l aZ x 2ZV{Y¥R¬e l ` x \_cfe2Z
xS a;|¶g  c` x ha	  c9\ lsx e z ¥ l~x \_eJc l a{Y¥R¬e l `A¥;a¢_Kuºe z ¥ l~x \saRj l {Y¥;gcf`Vc«\sa x ge l Z¯` x [jdaRgfgfaR`VaR9\{Ya;Z
Z]\ l j2|$\_j l a;Zv|$gf¥;ZA³  aR9\ l cf|Rjdgfa;Z~µuaR\{Ya:Z z ecf9\sZV³Ã|Rej z a;Z{Ya )x cZ_Z_a x jY¡2µu{ x 2Zqga:Zv{daRjY¡·cf` x ha:Zu\sejY\
a;	{d¥$2dcZsZ x J\gfaRj l |$e lsl a;Z z eJ2{ x |$a¢!c x gfaR`VaR9\;§d|Ra;Z z ecf9\sZ+aR\y|$ej l bMa;Z}deJ`AeJgeJhjda:Z+Z]a l_ aR9\+
{d¥$\_a l `Vcfda l jddaZ_¥ l cav{Ya  a;|3\saRj l Z{Yav{d¥$¬e l ` x \sceJ¶i9jdc z a l `Va$\_\_aR9\{Ya zdl e z2x hJa l g x {Y¥$¬e l ` x \sceJ
eJbY\_a;[jda x j l a:Z\sa&{YaAg x |$ej z aJ¢1¹©a zdl e[|R¥;{Y¥ z a l `Va$\ {YaAiJj x 9\_c2a l gfa&b l~x cf2Z_}dc«°\{Ya¶:¶	oo`V`
xS a;|qjdda zdl ¥;|RcfZ_ceJ{Yag  e l { l a{Ya)`V` ¢ x¯zdl ¥;|RcfZ_ceJ{Ya `Va:Z]j l ava;Z]\{d¥$\_a l `Vcfd¥Ra z2xl g x i9j x J\sc«¦
M| x \sceJH{Ya¯g  a lsl a;j l {da&gfe[| x gfcfZ x \sceJ·{YaV|$cfbdga	³  xol haR\  eY| x gfc  x \_cfe  l_l e l µ{YeJJ\vg x ¬e l `&jdg x \sceJZ_a l~x {Y¥$\ x cfggf¥Raq{ x 2Zmg x zxol \_cfa Sx gc{ x \_cfe·³Ã|$¢JZ_a;|$\_cfeH9µ$¢ x    a;Z]\"a:Z\sc`V¥Ra  "$ g x `AcZ_aaR|$e l ¦l a;Z z e2{ x 2|$a{Ya ` xol i9jdaRj l Z x jZ_aRcf	{  cf` x ha:Z KqWa$\y{da|$ej z a:Z|$eo¦ z g x  x c l a;Z+{Yj  egfjd`Vavcf` x hJa
Zs| x dda l {  j2 x 9\J`Va¢  a;Z x jY\_a;j l Z|$eJ2|$gfjdaR9\ x c2Z_c©i9j  cfg"a;Z]\ z eJZsZ]cfbdgfa{Ya x c l a|$e l_l a;Z z eJ2{ l a
j2 z c«¡Ya;g{Ya¶g  c` x ha KvW xS a:|Z]eJ/}2e`VegfehJjdacfZsZ_j{Yj  eJgj2`Aa  w F xS a:|Vjdda zdl ¥;|RcfZ_cfecfY¬¥$¦
l cfaRj l a
1.3mm
§Z_ej2Z}[X z eo\_}2^;Z_a{  j2 l a:| x g x hJa zdl ¥:|$cZR¢¹©aR\]\sa}[X z eo\s}d^;Z_aZ_j l g x zdl ¥:|$cZ]cfe{Yj
l a;| x g x hJaa;Z]\  ¥ l c2¥;aq{ x 2Z-7f; 8 z2xl©l a;| x g x hJa  w F   w F a$\  w F KvW{Yj¶ x 9\J`Va¢ k eJj l |Rau x c l a§
gfa;Z x jY\_a;j l Z x |Ri9jdcf^ l aR9\+jd  egfjd`Va  w F{dj x 9\`Va xS)x 9\{Yagjdc xozdz gfciJj2a l {Ya;Z{d¥$¬e l ` x \sceJ2ZR§







|Re` z2xl a;J\vaR2Z_jdc\_aVgfa;Zva lsl a;j l Zy{Ya l a;| x g x ha&Z_j l {Ya:Zq` xl i9jda;j l ZqdeJHjY\scgfcfZ_¥;Z |Re`V`Va x `Va l Z x j
|Rej l Z+{Ya|$a;gj2c«¦Ñ|$c=¢ qx 2Zgfa;Z{Ya;jY¡	| x Z+|$a;ggfa;Z]¦Ñ|$c1Z_e9\uZ]cf`Vcg x c l a:Z+a$\u{Ya g  e l { l a{Yad¢´A)`V` ¢
vx 2Zyjdda¥R\_j2{da z gfj2Z l ¥;|RaR9\_a `Va;d¥Ra zxoly a$\]\saRbMe[a l ! 
4 7´o8=§ga $b l~x cf Z_}dc°\ a:Z\qa;Z]\_cf`A¥
Z_j l : z2x \_cfaR9\sZ z2xl c` x ha l cfa"jdg\ l~x Z_ede l a{Ya+\X z a+` x cfAgcfb l a¢  a:Z x jY\saRj l Z l ¥ x gfcfZ_aR9\-jd l a:| x g x hJa
l cfhc{Yay{Yaug x \sjd`VaRj l aR9\ l augfa;Z  w F zdl ¥Re z ¥ lsx \_eJc l a;Z-aR\©gfa;Z©c` x hJa;Z*j2g«\ lsx Z]eJde l a;Z 3  l a;|Re2Z]\ l jdc\_a;Z
aR\2g\ l ¥Ra:ZR§ x 2{Ya¶i9j x J\sc«a l gfa;Z|Re` z eJZ x 9\_a:Z\ l~x 2Z_g x \_cfe2daRgfga:Z {Yj 3b lsx c Z]}2c«°\)¢  a$\_\_aRbMe[a l
! 
4 eb2Z_a ls a;9\¶jd `AeJj  a;`VaR9\`Ve)Xa;U{Ya 3 ¢ o`V` xS a:|jdU` x ¡[cf`&j2` {YaPLY¢ o`V`{ x 2Zg x
{dc l a;|$\_cfe{Yag x h l~xS c\_¥+aR\"jdV`Vej  aR`VaR9\m`Ve)Xa;V{da 3 ¢ o`V` xS a;|jd` x ¡Ycf`&jd` {Yaud¢´)`V` { x 2Z
g x {dc l a;|$\_cfe z a lsz aR2{Yc|$j2g x c l av&g x h l~xS c«\s¥¢  a z gfj2Z;§9g  x dhJgaq`Ae)XJaR¬e l `V¥ z2xol g x {Yc l a;|3\sceJ¶{Yavg x
h lsxS c\_¥Aa$\ g x |Re` z eJZ x 9\ zdl cf2|Rc z2x gaV{Yj{Y¥ z g x |$a;`Aa;9\a:Z\&{da J  {YaRh l ¥:Z xS a;|¯jd ` x ¡Yc`¯jd` {Ya
JV{YaRh l ¥:ZR¢ xVzdl ¥:|$cZ]cfe{Ya|Ra;Z`Va:Z]j l a;Zua;Z]\u¥ )x gfjd¥ aR·|Re` z2xlsx J\:§Yga l a;| x g x hJav{Yc l a;|3\y{da;Z  w F
z2l ¥;e z ¥ l~x \_eJc l a;Z©a$\y{da;Z+cf` x ha:Z+jdg«\ lsx Z]eJde l a;Z©cfJ\ lsx e z ¥ l~x \sec l a:Z xzdl ^:Z+ej  a l \_j l a{Ya g x {Yj l aR¦=`V^ l a§
xS a;|¯ga l a;| x g x hJa¯{Ya|Ra;Z`VªR`Va;Zcf` x hJa;ZaR/jY\scgfcfZ x 9\gfa;Zcf` x ha:Zjdg\ l~x Z_ede l a:Zycf9\ l~x e z ¥ l~x \sec l a:Z
xS)x J\meJj  a l \sj l a+{daug x {Yj l a$¦É`A^ l aJ¢ m a lsl aRj l {Yaq`Va;Z_j l aa:Z\©a;Z]\_cf`A¥;ayJ¢ `A` xS a:|+jd` x ¡Yc`¯jd`
{daAJ¢ J`V`	¢
 "!   @#>23 *2(+1 @#>
ryj  j {Ya¶|Ra;Z&{dc«»C¥ l aR9\_a:Z&¥R\_j2{da;Z;§cfg xzdz2xol~x 2\&i9jda¶gfa z }2¥RdeJ`A^;da{da 3b l~x cfZ]}2c«°\a;Z]\¯j2
z2l eY|$a:Z_Z_j2Zv{Ye9\ g x `VeY{Y¥;gcZ x \_cfe/Z]a;`&bdgfa{Yc|RcgfaVaR/jY\_cfgcZ x 9\ jddciJj2aR`VaR9\{Ya;Z |Red x cZ_Z x 2|Ra 
/]"$" Z_j l g x  x \sj l aq{Ya:Z©{Y¥R¬e l ` x \_cfeZR¢  ¶aR»MaR\;§[g  x ` z gc\_j2{daqaR\g x {Yc l a;|3\sceJ¶{Ya:Z{d¥ z g x |RaR`VaR9\sZZ_jdbdcZ z2xol gfa;Zy\_cZ_Z_j2Z|$¥ l ¥;b lsx jY¡ x j¸|Rej l Zy{da¯g  x |3\saA|~}dc l j l hJcf| x g!Z]eJJ\{YaA x \sj l a:Zq{dc  a l Z]a:Zua$\ )x ¦
l cfaR9\VZ_jdc )x 9\ga:ZA| x Z;¢  a3b l~x cf Z_}dc°\ a;Z]\Vc jdaR2|R¥ z2xol {Ya	deJ`&b l aRjY¡ x |3\saRj l Z¯\_aRgZi9jda ga
z eJZ_c\_cfedda;`VaR9\+{dj z2x \_cfaR9\ge l Z+{Yag  e z ¥ lsx \_cfe1§ z2xl g  ¥  a;9\_jda;ggfaej  a l \_j l aq{Yj Z_X[Z]\_^;`Va  aR9\ l c«¦
|Rjdg x c l a` x cfZq¥Rh x gfaR`VaR9\ z2xl g x \ x cfggfa¯{da&g x \_j2`Aa;j l a$\ {Ya&g x | lsx dce\_eJ`Acfa 7 L H8É¢C¤u¥ x d`Vecf2Z;§gfa;Z
l ¥;Z_jdg\ x \sZ¬eJj l 2cfZ zxol gfa;Z&¥$\_j{Ya;Z zdl ¥:|$¥:{YaR`V`VaR9\&|$c\_¥;a;Z&`AaR\]\saR9\&aR¥  cf{Ya;2|$aiJj2ag  x ` z gfc«\sj2{Ya
{daV|Ra z }d¥;de`V^R2aAa:Z\ g xol ha;`Aa;9\ Z_j z ¥ l ca;j l aA	g x zdl ¥:|$cZ]cfe/{Ya;Z Z_XYZ\s^R`Va;Z {dadaRj l e xS cfh x \_cfe
aR\{da¯g x¶l ¥;Z_egfjY\sceJH{Ya;Zvcf` x ha:Z z2l ¥;e z ¥ l~x \_eJc l a;Z¯³V	¶`V`µ3¢  a l a:| x g x ha l chJcf{da¯aR»Ma:|3\_j2¥¯a;J\ l a
g x	z e9Z]c\_cfe {Yj z2x \_cfaR9\aR Z x ggfa{  e z ¥ l~x \_cfe¸a$\gfa;ZaR¡ x `VaR2Z zdl ¥Re z ¥ lsx \_eJc l a;Zqa;Z]\&{Ye|¯a;9\ x |~}2¥
{  jd2aZ_¥  ^ l aycf` zdl ¥:|$cZ]cfe§[{  eJ¨¶g x  x cZ_Z x 2|Raq{YadeJ`&b l aRjZ]a:Z©{Y¥;` xol |~}da;Z  cfZ x 9\¯|Re` z a;2Z_a l ga
$b l~x cfZ_}dc«°\)¢M¹©a;g x Z_a l~x g  ebYnaR\y{Ya g x Z_a;|$\_cfe Z]jdc )x 9\_aJ¢
à¬í!á1à°ã
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ru2/{daV|Re` z aR2Z_a l gfa;Z{Y¥$¬e l ` x \_cfe2Z x »Ca;|$\ x 9\g  ¥$\ xoz a{Ya l a;| x g x hJa l chJcf{Ya¯a$»Ca;|$\_jd¥;a zxol ga
Z_XYZ\s^R`Va {Ya da;j l eJ xS ch x \sceJ1§9{daRjY¡{dc l a;|$\_cfe2Z{Ya l a;|~}2a l |~}da;ZZ]eJ9\+a;` zdl j2J\s¥Ra:ZR¢
xzdl aR`Vc^ l a¶a;Z]\&b x Z_¥RaZ]j l jdda`AeY{Y¥;gcZ x \_cfeb2ceJ`A¥:| x dcfi9jda{dj |$a l_ a x j aR\A{Ya:Z ¬e l |$a:Za;
na;j x 2·{da zdl ¥;{Yc l a g  x ` z gfc«\sj2{YaA{Ya;Zu{d¥$¬e l ` x \sceJ2Z 7f;d§o§ L)Y§YJQL9§]J8=¢ Ñga;Z]\ x c2Z_c z eJZsZ_cbdgfa&{Ya
|Re lsl cfha l gfa;Zmc` x hJa;Z zdl ¥Re z ¥ lsx \_eJc l a;Z xS)x 9\*ej x j|Rej l Z*{Yag  e z ¥ lsx \_cfe1¢ vx 2Zmgabdjd\©{  x jdhJ`Aa;9\_a l
g xzdl ¥;|RcfZ_cfe{Yag x·z2l ¥:{Ycf|$\_cfeeJj{Ya l ¥;{Yj2c l ag x |$eJ` z gaR¡[c\_¥	{Ya|Ra;Z&`AeY{Y^;ga:ZR§cga;Z]\¯¥;h x ga;`Aa;9\
z eJZsZ_cbdgfa"{Yagfa;Z1hJjdc{Ya l g  x cf{Ya{  c` x hJa;Zej`Va;Z_j l a;Z z a l ¦Ée z ¥ l~x \sec l a:Z£jY\_cfgfcfZ_¥Ra:Z|Re`V`Va©|$eJ2{Yc\_cfe2Z
gfcf`Ac\_a+Z_j l gfa{d¥ z g x |RaR`VaR9\!{da;Z¥Rgf¥R`VaR9\sZ!{Yj¯`AeY{Y^;ga 7 3 §-H§SHd§)[§oJd§JJY§)Hd§Sdo§) 3 8=¢o¹©a;Z`VeY{Y^Rgfa;Z
aR\uga;j l hj2cf{ x haq¬a l e9\g  ebdna$\y{Yag xVzdl a;`Vc^ l a z2xol \_cfa {Ya g x Z_a;|$\_cfe   a;dc l ¢
x Z]a:|$eJ2{YaH{Yc l a;|3\sceJ {Ya l a;|~}2a l |~}da·{Ya·g x |$eJ` z a;2Z x \_cfe {Yj 3b l~x cf Z]}2c«°\Z  a;Z]\¶\sej l d¥;a
 a l Zyg  jY\_cfgcZ x \_cfe {Ya:Zqcf` x hJa;Z z a l e z ¥ lsx \_eJc l a;Z z eJj l l a:|$jda;cgfgfc l ga:Zcd¬e l ` x \_cfe2Zqd¥:|$a;ZsZ x c l a:Zqg x
| xol~x |$\_¥ l cZ x \_cfe¯{djV{d¥ z g x |RaR`VaR9\©{Ya:ZmZ]\ l j2|3\sj l a:Zm|$¥ l ¥;b l~x gfa;Z;¢ Ky l a:| x g x ha+aR9\ l au|$a:Z*cf` x ha:Z-a$\"gfa;Z
cf` x hJa;Z zdl ¥Re z ¥ lsx \_eJc l a;Z;§)ejcf9\ l~x e z ¥ l~x \sec l a:Z xSSx 9\"{Y¥$¬e l ` x \sceJ z a;jY\{YeJ2|ªR\ l aua$»Ca;|$\_jd¥ x 2{Ya
|Re` z aR2Z_a l |$a{d¥ z g x |RaR`VaR9\ 7:Y§ 3 [§ 3 Hd§! 3 §QL9§od§\L)Y§H8É¢1¤ueJj2Z{Y¥:| l c l e2Z{ x 2Zg x Z_a;|Re2{da
zxol \_cfa	{Ya·|Ra$\_\_aZ]a:|3\sceJºi9jda;gfZA\X z a;Z{Ya `VeY{ x gfc«\s¥ a$\¶{Ya l a;| x g x ha	Z]eJJ\jY\scgfcZ]¥:Z x jZ]a;c{Ya g x
z2l eJbdg¥;` x \_ci9jda{Yj3b l~x cf	Z_}dc°\ o¢
 "!$#  8 ,: @"/9B $1 ( 8 4.1 @>
M  $6 $6 ¼ ½ )9Â #['O)&)\:ÃÁ¿-:#D=
¼¾½ )[Â #9	;¿Y¿:Ã;¿-:$U£#[m jd {Ya;Z`Ve)X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bY\sca;ddaR9\y{Ya
|Ra$\_\_a` x dcf^ l aqgfa;ZZ_j l  x |Ra;Z+|$¥ l ¥;b lsx gaqa$\  aR9\ l cf|Rjdg x c l a x cf2Z]c£i9jdag x | xol \_a{Ya Z]a;h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ci9jda;Z l a:Z\sa` x [jdaRgfgfa¢  a&`VeY{Y^;ga z2l a;2{aR¸|$e` z \sa&gfa;Zv| x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x jY\_a;j l Z`AeJ9\ l aR9\iJj2ag x zdl ¥;{dcf|$\_cfe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2Z+|$c\_¥:Z zdl ¥;|R¥;{Ya;`A`Va;J\
Z_e9\ l a;g x \_c  a;`Aa;9\!}deJ`Veh^;da;Z!Z_jdc )x J\*gfa| xol~x |$\_^ l a©`AeJdeva$\*`&jdg\_cf`VeY{ x gd{Ya+g  ¥R\ xz a{Ya l a;| x g x haJ§
2ej2ZAgfa;Z{Y¥R2dc l eJ2ZVcf|Rc x jZ]a;c{Ya|$a:ZV{YaRjY¡ºh l~x 2{da;ZA|$g x ZsZ]a:ZA{  xzdl ^:ZAg x |~} l edeJgeJhcfa¶{Ya gfaRj l
xzdz2xl c\_cfe x j |$ej l Z{Ya g  e z ¥ l~x \_cfe¢
6  #[Á2Â V #/!Â¬¿-:7½ )dÂ 7 ¼  :   xzdl cf2|Rc z2x gav{Yc |Rjdg\_¥q{  jd l a:| x g x hJa`&jdg\_cf`Veo¦
{ x g  cfaR9\©{YjV x c«\+i9jdaug  eJZ]eJjd} x c\_au x c l au|Re lsl a:Z z e2{ l a{Ya;jY¡Acf` x hJa;Zm2ay|$eJJ\saR x 9\ z2x Z"g x `Vª;`Aa
cfY¬e l ` x \sceJ1¢ryc2Z_c=§9Z_c2g  eJ|~}decZ_c«\"|Re`V`Va x `Va l Z*g  cf9\_a;2Z]c\_¥v{Ya;Z  eS¡YaRgZ;§)cgMdejZ* x jd\m\ l ej  a l j2
`Va:Z]j l a{YaZ]cf`Vcg xol c\_¥| xz2x bdgfa{Ya{Y¥$\sa;|$\_a l {da;Z l aRg x \sceJ2ZvaR9\ l aVga:Zc` x hJa;Zv` x gfh l ¥¯gfaRj l  x \sj l a
{dc«»C¥ l aR9\_aJ¢¹  a:Z\ z eJj l iJj2ec!ga:Zq¥R\_j2{da;Zvb x Z_¥Ra:ZqZ_j l g  cfJ\saR2Z_c\_¥ViJj2a¯deJj2Z zdl ¥;Z_aR9\_eJ2Zyc|$c-jY\scgfcZ]a;J\
{da;Z*¬eJ2|3\sceJ2Zm{YavZ]cf`Vcg xol c\_¥uZ z ¥:|$ci9jda;Z©|$e`V`Vaugfa l~xozdz e l \"{Yay|Re lsl ¥;g x \_cfeAa$\©|Ra;Z )xl c x 9\_a:ZR§ x cZ]c
i9jdag  cfY¬e l ` x \sceJ`¯jY\_j2aRgfgaJ¢










µ$§gfa zdl c|$c z a¶{dj l a:| x g x hJa
a:Z\ {YaV|~}da l |~}da l g x \ lsx 2Z¬e l ` x \_cfe·Z z2x \sc x ga
T
i9jdc l a;2{·gfa z gjZvZ_cf`Acfg x c l a z e9Z_Z_cb2gaV
I
g  cf` x hJa
\ lsx 2Z]¬e l `A¥;a
J ◦ T
¢ vx 2ZAgfa | x ZAe¨ cg  X x¸z2x Z{Ya	|~} x dhJaR`VaR9\{  cf9\_a;2Z]c\_¥ a;J\ l a	gfa;Z{Ya;jY¡
cf` x hJa;Z³Ã| x Z*`VeJde`VeY{ x g°µ3§eVjY\_cfgfcfZ_ah¥;d¥ l~x gfaR`VaR9\*g x Z]eJ`A`Vau{Yayg x {Yc»C¥ l aR2|Rau{Ya;Zm| xolsl ¥:Z³7WdW  µ
|Re`V`Va | l c«\s^ l a{daZ_cf`Acfg xol c«\s¥ x jZ]a;2Z{Yj ` x ¡Yc`¯jd`{Ya [l~x cZ]a;`&bdg x |$a¢
SSD(T ) = ‖I − J ◦ T‖2 =
∫
Ωi
[I(x) − J ◦ T (x)]2.dx
vx Zga| x ZeJ¨ g x  x \_j l a{Ya:Zc` x ha;Z+a:Z\v{Yc«»C¥ l aR9\sa³Ã| x Z`&j2g«\sc`VeY{ x g°µ3§|$a&| l c\_^ l a {Ya&Z_cf`Acfg xol c«\s¥
{dec\m\_a;dc l |$eJ` z \_aq{daug xl a;g x \_cfe{Y¥$dcfZsZ x 9\©|$aR\]\saq{Yc»M¥ l a;2|$aJ¢Ñg2 x jY\ x gfe l Z-jY\_cfgcZ_a l jdda¬eJ2|3\sceJ
à¬í!á1à°ã
 	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f
l a;gc x 9\ga:Zv{daRjY¡¸| xol \_a:Zq{  cfJ\saR2Z_c\_¥i9jdaAZ_e9\deo\ l aAcf` x ha
I





k eJj l |$av x c l aveJ z aRjd\yjY\_cfgfcfZ_a l gfa lsxzdz e l \+{Ya|Re lsl ¥;g x \_cfe¶{d¥$2dc|$e`V`Va 
RC(T, f) =
‖I − f(J ◦ T )‖2
V ar(I)
Ñg*a:Z\ x jZ_Z_c z e9Z_Z_cb2gaV{  jY\_cfgcZ_a l g  cfY¬e l ` x \sceJH`&jd\_jda;ggfaVb x Z_¥RaVZ]j l g  aR9\ l e z cfaV{Ya;Zvcf` x ha:ZR§Ce¨¸g x
¬e l `¯jdg x \_cfea$¡ z gfcf|Rc«\sa{Ya
f
  cf9\_a ls ca;9\ zx Z;¢






h(I, J) = −
∑
i,j
pI,J◦T (i, j) log pI,J◦T (i, j)
vx 2Z 7 L)Y§o	H8 w eY|~}da  
4 {Y¥$22cfZsZ]a;9\!jdV| l c\_^ l a©{da+Z_cf`Acfg xol c«\s¥©Z z ¥:|$ci9jda x j¯| x Z!`&jdg\_cf`VeY{ x g
 w F KvW[c7¢   z2xl \ x 9\{Yj|$eJ2Z\ x \&i9jdagfa;Zc` x hJa;Z¥:|~}deh lsxz }dciJj2a;ZZ]eJ9\&{Ya;Z&c` x hJa;Z {Yc\_a:Z&{Yah lsx {YcfaR9\;§Y| xl aRgfga:Z l a 2^$\saR9\ga:Z|~} x dhJaR`VaR9\~Z©{  cf` z ¥;{ x 2|Ra x |$eJj2Z]\_ciJj2aqa;J\ l a {Ya;jY¡¶`VcfgcfaRjY¡£§Ygfa;Z
x jY\_a;j l Z x jdhJ`Aa;9\_aR9\gfa lsxzdz e l \{daH|$e l_l ¥Rg x \sceJ {  jd\_a l `Va·{Yah lsx {YcfaR9\;¢ x ¬e2|$\_cfe
f
a:Z\
x ge l Z"{Y¥$22cay|Re`V`Vayjd z egfX[ `Vay{dj\ l ecZ]cf^R`Vaue l { l au{Y¥R2dcZ_Z x 9\"g x |Re`&b2c x cfZ_e z e2{d¥ l ¥Ray{Ya
g  c` x hJa  w F aR\v{Ya¯Z]eJ·h l~x {YcfaR9\ x 2·i9jda
f(J ◦ T, ‖∇J ◦ T‖)
Z_ec\ygfa z gfj2Z zdl e[|~}2a z e9Z_Z_cfbdga¯{Ya
g  c` x hJaKqWC¢ ÑgZ+ebd\_cfaRdda;9\y{Ya|$aR\]\_a` x 2c^ l agfa lsxzdz e l \{Ya|Re lsl ¥;g x \_cfebdc )xol c¥ 
RCB(T, f) =
‖I − f(J ◦ T, ‖∇J ◦ T‖)‖2
V ar(I)
 e l Zm{Yaqg x z2l eY|$¥:{Yj l ay{  e z \sc`VcZ x \_cfe1§Jg x&zdl aR`Vc^ l ay¥$\ xz a l ¥ x gfcfZ_¥Rau|Re2Z_cZ\say l a;|~}da l |~}da l gfa z eJgX9¦
 `Va l aRgfc x 9\"g  cf` x ha KvW xS a;|g x z Z_aRj2{de&cf` x ha KqWZ_c`¯jdgf¥Raq z2xol \_c l {dayg  cf` x ha  w F aR\{YaZ]eJ





a:Z\a:Z\sc`V¥Ra³7|3 !ch¢ 9µ3¢¹©a$\_\_a zdl eY|$¥:{Yj l avhJ¥Rd¥ lsx ga z a l `AaR\u{Ya l ¥ x gfcfZ_a l gfa l a:| x g x hJaqaR\g x
Z_cf`&jdg x \sceJ¶aR`VªR`Vav\_aR` z Z;¢  a:Z"\sa;Z]\sZ+aR»Ma:|3\_j2¥;Z+Z]j l {da;Z+{Ye2d¥Ra:Z l ¥Ra;ggfa;ZZ_ejdgfchJdaR9\+g x Z_j z ¥ l cfeo¦




7 	H8É¢  a zdl c2|Rc zx gfa xS)x J\ x hJa
{da|$a$\_\_a¶{d¥R` xol |~}daVa;Z]\&{  c)na:|3\sa l jd2a¶|$eJd x cZsZ x 2|$a /]"$" Z]j l g x l aRg x \sceJ¸cf` x ha KvW   w F
x jHZ_aRcf`Aª;`VaA{Yj¸| l c«\s^ l a&{Ya¯Z_cf`Acfg xol c«\s¥¢1¹©a;|$c z a l `AaR\v{  jY\scgfcfZ_a l jdda zdl e[|R¥;{Yj l a&{  e z \_cf`VcfZ x \sceJ
x g«\sa l d¥RavZ x 2Z x j2|$j2\ l~x c\_a;`VaR9\Z_j zdz gf¥R`Va;J\ x c l av{Ya;Z©cf` x ha:ZR¢d¹©a z aR2{ x 9\;§9g  cf` z g¥;`Aa;9\ x \sceJ{Ya
|Ra$\_\_a `V¥$\s}deY{Ya z2xol ® l e[e  Z 7 8`Ve9\ l a |$a l \ x c2a;Z+gfc`Vc\_a;Zy{Ya|$a;ggfa$¦Ñ|$c=¢2® l e[e  Z+Z_ejdgfcfhdaaR z2xl \sc«¦




{ x 2Zyg xVz2l eY|$¥:{Yj l a{  e z \sc`VcZ x \_cfe|$eJ2{Yjdc\ z2xl ¬eJcfZ
¯g x {d¥$\_a l `Vcf x \sceJ	{daq\ lsx 2Z]¬e l ` x \_cfe2Z©a lsl ed¥;a;Z;§ z2xl \scf|Rjdgfc^ l a;`Aa;9\gfe l Z_i9jdai9jdaga:Z+c` x ha;ZKqW
z2l ¥:Z]a;J\saR9\"{Ya:Z xol \_aR x |$\sZu³Ãe`&b l a:ZR§ x b2Z_aR2|Ray{YayZ]\ l j2|3\sj l a;Z zdl ¥;Z_aR9\saR9\©{ x 2Z*g   w F¸µ3¢d¹©a$\]\say¥R\_j2{Ya
{dj \ lsxS)x cfg{Ya w eY|~}da 
4 Z]a;`&bdgfa{Yed2a l {Ya;Z l ¥;Z_jdg\ x \~ZA`Ac\_cfh¥:ZR¢ vx Z 7  8É§m® l e[e  ZA`Va$\a;
¥  cf{Ya;2|$avi9jdayg  jd\_cfgcZ x \_cfe	{Yaq|Ra$\]\say\sa;|~}d2cfi9jdaqaR¶g  x b2Z_aR2|Raq{YavZ]XYZ]\_^;`Aaqa$¡ z a l \ z ej ll ¥Rhj2g xl cZ]a l
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 0 
 Y21§cg!Z]eJjdgcfh2avgfa  x c«\qi9j  jd z egfX[ `Va{  e l { l a{daRjY¡ Z]a lsx c«\u`VcfaRjY¡ x { xz \_¥J§d` x cZui9jda g x {Y¥$¦\sa l `Vc x \_cfe{  jddaV¬eJ2|3\sceJ d¡Ya§| xol~x |3\s¥ l cfZ x 9\gagfcfaRaR9\ l agfa;Z  w F aR\&gfa;Z KvWC§ z a l `Va$\]\ lsx c«\
z gj2Zu x |RcgfaR`VaR9\q{  ¥  c\_a l gfa;Zu` x j )x cZ]a:Zu|$eJ  a l ha;2|$a:Z{dag xVz2l eY|$¥:{Yj l a{  e z \sc`VcZ x \_cfe1¢  a;Zq|$eo¦
a |$cfaR9\sZ+{Yj z eJgX[ J`Vav{  e l { l av{daRjY¡ z ej )x J\ªR\ l aqa:Z\sc`V¥;Z z2xlxozdzdl aR9\scfZsZ x hav{Ya
f
Z]j l j2naRj
{da{dedd¥;a;Z l a;| x gf¥Ra;Z;¢
¯ x jY\ l a;Z x jY\_a;j l Z¯e9\V|~}decZ]c+{  jY\_cfgfcfZ_a l {Ya:Z&`Va;Z_j l a;ZA{Ya Z]cf`Vcg xol c«\s¥ z gfj2ZV|$g x ZsZ_cfi9jda:Z&|$eJ`V`Aa
g  c9\_a l |Re lsl ¥;g x \_cfe 
CC(T ) =< I, J ◦ T >=
∑
i(I(i) − Ī)(J ◦ T (i) − J ◦ T )
V ar(I).V ar(J ◦ T )
¹©aR\]\say`Va;Z_j l ay{YaqZ_cf`Acfg xol c«\s¥yda zdl a; x 9\ zx Zma;¶|$eJ` z \_aqg x {Yc«»C¥ l aR|$ay{Yaq x \sj l aq{Ya:Z"cf` x ha:Zu³Ã| x Z
`¯jdg\_cf`AeY{ x gµ$§r l bMaRg ! 
4 7f 8eJ9\y|~}decZ]c{YaZ]cf`&j2ga l jdda cf` x ha KvW  z2xol \_c l {Ya:Z  w F xS)x 9\g x
z } x Z_au{Ya l a;| x g x hJa¢ x Z_cf`&jdg x \sceJ{Yay|$aR\]\sauc` x ha z Z_aRj{Ye'KqWV|Re` z e l \_a z gfj2Z_ca;j l Z*¥$\ xoz a;Z;¢ vx 2Z
j2 zdl aR`Vcfa l \_a;` z ZR§)g x Z_aRhJ`VaR9\ x \_cfe¯{da;Z-Z\ l j|3\_j l a:Z!|R¥ l ¥Rb l~x gfa;Za;Z]\-a$»Ca;|3\sjd¥RaZ_j l ga:Z w F qg  x cf{Ya
{da"g  x ghJe l c«\s}d`Va©ry¤  F·r  7f-J 8Ya$\-g x Z_aRh`Va;J\ x \sceJ{Ya;Z-Z]\ l j2|3\sj l a:Z z2x \_}deJgeJhci9jda;Z` x [jdaRgfga;`VaR9\;¢
 2Z]j2c«\sa§j2dcfi9jda;`VaR9\&gfa;Z&Z]\ l j2|$\_j l a;Z  cZ]cfbdgfa;Z a;jdg\ l~x Z_e2Z Z_e9\¯|Re2Z_a ls ¥;a;Z z eJj l gfa¶| x gf|Rjdg©{djh lsx {YcfaR9\q{YaVg  cf` x ha¯g x ba;ggfcZ]¥;a¢  Y21§1|Ra¯h lsx {YcfaR9\qa:Z\ x neJjY\_¥A¶g  cf` x hJa¯{Ya:Zqg x bMaRgZ  cZ_cbdgfa;Zva;j2g«\ lsx Z]eJ2Z³Ã|3 !ch¢:Jµ$¢  a l a:| x g x hJaydeJY¦Égcfd¥ x c l a¯g  x c{Ya {Ya |$a$\_\_a `Va;Z_j l av{daZ]cf`Vcg xol c«\s¥ zxol jdda
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z2l eY|$¥:{Yj l a¯{  e z \_cf`AcZ x \_cfe/}dcf¥ l~xol |~}dciJj2a zdl aR2{HaR  c l e 3 JZ £|$aVi9jdc z a l `AaR\ jddaVjY\_cfgfcfZ x \sceJ¸a;
l ejd\_cfda;ZV|$gfcfdcfi9jda:ZV{Ya|$a$\_\_a{Y¥;` xl |~}2a¢"¹©a z aR2{ x 9\;§*g xH)x gc{ x \sceJ {Ya|Ra$\]\sa `A¥R\_}deY{Ya   x/z2x Z
a;2|$e l a ¥R\_¥ l ¥ x gcZ]¥;a a$\g x | l ¥ x \sceJ x {[¦É}deY| {Ya·g  cf` x ha z Z]a;j2{Ye KqW da zdl a;2{ºaR |Re` z \_a·i9jda
g  x Z z a:|3\  cZ]jda;g{Yav|$a;ggfa$¦Ñ|$c=§ogfa;Z"| xol~x |$\_¥ l cZ\scfi9jda:Z*c9\ l cf2Z_^;i9jda;Z"{Yaug  cf` x hayda l a z eJZ x 9\"Z]j l©x j|$jdda
`VeY{Y¥;gcZ x \_cfe {Yag x ¬e l ` x \_cfe{da;Zcf` x ha:Zjdg«\ lsx Z]eJde l a;Z;¢
¹©eJ`A`Va2ej2Zg  xS eZZ]eJjdgcfh2¥ aRcfJ\ l eY{Yj|3\_cfe{Ya¯|$a$\_\_a&Z_a;|$\_cfe1§2cga;Z]\y¥Rh x gfaR`VaR9\ z e9Z_Z_cfbdga
{  jY\scgfcZ]a l {Ya:Zm| l c«\s^ l au{YayZ_c`Vcfg xl c\_¥yb x Z_¥uZ]j l g  aR9\ l e z caq{Ya;Z*cf` x hJa;Z;¢ qx 2Z-7´L 8=§Jjdday|Re` z2xol~x cZ_e
a;9\ l a©{Ya;jY¡&{Y¥R` xl |~}da:Z{da l a;| x g x ha l cfhc{Ya"b x Z_¥©Z_j l g  cd¬e l ` x \_cfe`¯jY\_j2aRgfga+de l ` x gfcZ]¥;ay³  F·¤vµÑa:Z\
aR»Ma:|3\sjd¥RaJ¢ x
IMN
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P (J |vi)
a$\{Yj\sa l `Aa
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 8jd\_cfgcZ]a;9\uga:Z+\_jd`Va;j l Zy|$¥ l ¥Rb lsx ga:Z|Re`V`VaZ\ l j|3\_j l a{Ya l ¥$¬¥ l a;2|$aJ¢dr zdl ^;ZyZ]a;h`VaRY¦
\ x \sceJ` x [jdaRgfgaA{Ya&g x \sjd`VaRj l { x Zugfa;Zqc` x hJa;Z zdl ¥&a$\ z a l e z ¥ l~x \sec l a:ZR§2ga:Z x jd\_aRj l Zq|$e` z2xl a;9\
gfa+\ x jY¡{Ya l a:|$eJj [l a;`Aa;9\*{day|$aR\]\_aqZ\ l j2|$\_j l a xS)x 9\*a$\ xzdl ^;Z l a;| x g x haJ¢  a\ x jY¡V{Ya l a;|$eJj [l a;`VaR9\







a;Z]\qgfa  egfjd`Va&{Ya&g x \sjd`VaRj l { x 2Zug  cf` x hJa  w F aR\
V2
gfa  egfjd`Va&{ x Zug  cf` x haKqW[c=¢  a;Z
cf2|Re  ¥;dca;9\sZ zdl c2|Rc zx jY¡{da|$a$\_\_a{Y¥;` xol |~}da l ¥:Z]c{YaR9\u{ x 2Zg  cf` zdl ¥:|$cZ]cfe {Ya g x Z]a;h`VaR9\ x \_cfe1§
2eo\ x `V`Aa;9\ z ej l gfa;Z KqWYc7§£aR\ Z_j l g x ¬eY| x gcZ x \_cfe¸{YaVg  x  x gXYZ_a¯Z_j l jdda l ¥Rhcfe¸{  cf9\_¥ l ªR\V³ w 5 ]µ
zxol \_c|$jdgfc^ l aJ¢ xzdl ¥;|$cZ_ceJ{Yj l a;| x g x haa:Z\V{Ye|a;Z]\_cf`Va l jddciJj2aR`VaR9\ x j Z_aRcf {Ya|Ra$\_\_a w 5 3¢
¤y¥ x d`Vecf2ZR§-{ x 2Z&gfa| x Z z2xol \_c|$j2gcfa l {Ya¶g x |Re` z aR2Z x \sceJ {Yj$b l~x cfZ]}dc°\  xS a:| zdl ¥;Z_aR2|Ra{Ya
\sjd`VaRj l §-|$a$\_\_a w 5 |Re =2|$c{Ya xS a;|Vg x ;eda	{  cf9\_¥ l ªR\A{Yj2aRj l eY|~}dc l j l hcfaR1¢CKuda x jdhJ`Aa;9\ x \sceJ
Z_cfhdc| x \_c  a{Yj\ x jd¡{Ya l a;|$eJj [l a;`VaR9\{Ya g x \_jd`Va;j luxozdl ^;Z l a;| x g x hay\ l~x {Yj2c«\jdda x `V¥Rgfce lsx \_cfe
{davg xVl a zdl ¥;Z_aR9\ x \_cfe¶{da g x Zs|$^R2a|~}2c l j l hc| x gfa¢
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¹©eJ`A`VadeJj2Z xS e2Z z jgfa  eJc l { x 2Zm|Ra$\]\sa z2xol \_cfa§g x)x gfc{ x \sceJA{  jd x ghJe l c«\s}d`Va+{da l a:| x g x hJa
  a:Z\ z2x Z|~}de9Z]a x cZ]¥;a¢  avde`¯b l aRj2Z_a;Z{Y¥R` xl |~}da:ZmaR¡[cZ]\_aR9\:§92ej2Z©dejZZ_e`V`Va;Z{YeJ2| x \]\ x |~}d¥q
{d¥;| l c l agfa;Z z gfj2Zyjd\_cfgcZ]¥;a;Z;¢ x {YcZ z e2cbdcfgfc«\s¥A{  jdda  ¥ l c\_¥ \sa lslsx ca:Z\Z]eJj  a;9\yg  ¥Rgf¥R`Va;J\i9jdc x c«\
{d¥$ x jd\;§9eg x l a;` z g x |$ay{de2| zxol {da;Zm`Va:Z]j l a;Z©Z\ x \scfZ]\_ci9jda;Z"ejjd2auc` x hay{  jdda x jY\ l ay`AeY{ x gc\_¥
i9jdag  e/jY\_cfgcZ_a l~x |$e`V`VaA\_a;ggfa¢!¤u¥ x d`Vecf2Z;§1{ x 2Z&{Yade`¯b l aRjY¡¸| x Zg x |$ed l ` x \_cfe  cZ_jdaRgfga
{dj l ¥;Z_jdg\ x \ l a;Z]\_aAg x \_a;|~}2dcfi9jdaVjY\scgfcZ]¥;a¢ryc2Z_c=§	g  x c{Ya{Ya z2x gaR\]\_a{Ya|RejdgfaRj l aR\&{  c` x hJa;Z {Ya
{dc«»C¥ l aR2|Ra§ga:Z l a;| x g x ha:ZZ_e9\qi9j x gc2¥:Zu{Yaq­_|$e l_l a;|$\±veJj¶­` x j )x cZÑ±3¢ x Z_aRZ]cfbdcfgc\_¥&{da&g  eJb2Z]a l_)x ¦
\saRj l+x jd¡Aa l_l aRj l Z"{da l a;| x g x ha x ¥$\_¥qa;Z]\_cf`V¥q&{da;Z{Y¥ z g x |RaR`VaR9\~Z"Z_j z ¥ l cfaRj l Z©&d¢´)`V` 7 J 3 8É¢ " e[a;cg
}[jd` x ca;Z]\{de2|v| xz2x bdgfa{Yav{d¥$\_a:|3\sa l g x ` x ne l c\_¥{Ya:Z©a l_l aRj l Z{Ya l a:| x g x hJa  cZ]cfbdgfa;Z+&g x¯l ¥:Z]eJgjY¦
\sceJ¸{Ya¯g  cf` x ha¯jY\_cfgcZ_¥Ra¢ vx 2ZvgfaA| x Zv{Yj l a;| x g x hJa l cfhc{Ya§Mg x i9j x gc\_¥A{YjnjdhJaR`VaR9\  cfZ_jdaRg x ¥$\_¥
¥R\_j2{dc¥AaR/{Y¥$\ x cfgfZ z2xl !c\  z2x \ l c|   
4 { x 2Z 7´o 8É¢  /|RaAi9jdc*|Re2|Ra l da&g  ¥R\ x bdgcZsZ]a;`Aa;9\{  jdda\ lsx 2Z]¬e l ` x \_cfe{Ya l ¥$¬¥ l a;2|$a¸³7tveg{ W9\ x 2{ xol {2µ3§dej2Z xS eJ2Z{Y¥:| l c«\A|$e`V`VaR9\V|$aRgfgfa$¦Ñ|$c z ej Sx c«\
ªR\ l a¶eJbY\_a;9j2ag  x cf{da{Ya	` xol iJj2aRj l ZaR¡9\sa l da;Z&ejcf )x Z_c«ÃZ z eJj l {Ya;Z&\ l~x 2Z]¬e l ` x \sceJ2Z l chJcf{Ya:ZR¢
vx Zygfa¯| x Zu2e l chJcf{da§{da&deJj  a;ggfa;Z xozdzdl eY|~}da;Zye9\ l ¥;|RaR`V`VaR9\q¥R\_¥¯{d¥  a;ge zdz ¥&de\ x `V`VaR9\q
g  x c{Ya&{  ¥Rgf¥R`VaR9\~Zu22cfZ;¢CWd|~}d x bMaRg ! 
4 7 8-|Re2Z]\ l jdcZ]a;J\v z2xol \_c l {da&g  x  x \se`Vca¯{Ya¯{Yc»C¥ l aR9\sZ
zx \_cfaR9\~ZR§9{Ya;ZnaRjY¡{  cf` x ha:Z"{Y¥R¬e l `A¥:Z"{Yaq` x dcf^ l a z }[XYZ]ci9jdaR`Va;J\ z g x j2Z_cb2gay&g  x c{Yay{day`VeY{Y^Rgfa;Z
b2ceJ`A¥:| x dcfi9jda:ZR¢Jrucf2Z]c=§9cgMa;Z]\ z eJZsZ]cfbdgfay{Yav{Y¥$\sa l `Acfda l g xzdl ¥;|RcfZ_ceJiJj  jd x gfhe l c\_}d`Va x j lsx  x |$ay
{da;Z+\ lsx 2Z¬e l ` x \_cfe2Z "2% 0  "   | xol g x {Y¥$¬e l ` x \_cfe	a;Z]\ z2xol  x c\_a;`VaR9\y|$eJd[jda¢  Y21§Mcgdej2Zu x jY\Z_ej2gcfhda l g xuz eJZsZ]cfbdcfgc\_¥+{  a;Z]\_cf`Va l g x \ l~x 2Z]¬e l ` x \_cfe l ¥$¬¥ l a;2|$aq³7tveg{¯W[\ x { xol {2µ zxol g x `Ae)XJaRd2a
{da\ l~x Z¬e l ` x \sceJ2Z+cZ_Z_jda;Zv{Ya
m
{Yc»M¥ l a;9\_a;Zq`V¥$\s}deY{Ya;ZA³Ã® l e ;a&W9\ x 2{ xol {2µ$¢  a&bdc x cZucf9\ l e[{djdc«\
zxol |~} x i9jda`V¥$\_}2e[{da;Z{Ya  ca;J\ x gfe l Zjdda )xol c x bdgfa x gf¥ x \_ec l aVi9jda¶g  e a;Z]\_cf`Vaª$\ l a|RaR9\ l ¥RaZ_j l
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rU\ l~xS a l Zm|Raq{YeY|Rjd`VaR9\;§[deJj2Z xS e2Z zdl e z e9Z]¥yjd¶¥R\ x \+{Yavg  xol \{Ya:Z©{dc«»C¥ l aR9\_a:Zm\sa;|~}d2cfi9jda:Z©{Ya
`Va:Z]j l aVa$\{Ya|Re` z a;2Z x \_cfe {Yj3b l~x cf Z]}dc°\ ¯aR¡[cZ]\ x 9\sa;Z;¢¹©a$\]\sa¥$\sj2{Ya x `VcfZa;/¥  cf{Ya;2|$aVgfa;Z
| xol~x |$\_¥ l cZ\scfi9jda:Z z }[X[Z_ciJj2a;Zm{Yj 3b l~x cfZ]}dc°\ ` x cfZ"¥Rh x gfaR`VaR9\mgfa;Z"{dc|$j2g«\s¥;Z l a;2|$eJJ\ l ¥;a;Z z ej l ga
|Re` z aR2Z_a l ¢
vx 2Zjd z2l a;`Acfa l \_a;` z ZR§g  x  x gfX[Z_aHZ_j l g  x ` z gfc«\sj2{YaHaR\g x {Yc l a;|3\sceJ {Yj `Vej  aR`Va;J\	{Ya;Z
Z]\ l j2|$\_j l a;Zq|$¥ l ¥Rb lsx ga:Z xz a l `AcZv{Ya¯Z_ejdgfcfhda lyz gfj2Z_ca;j l Zq| xlsx |3\_¥ l cZ]\_ciJj2a;Zu{YaA|$a z }d¥RdeJ`V^RdaJ¢  |Raqi9jdc£|$eJ2|$a l 2ayZ]eJ x ` z gfc\_j2{YaJ§Y|$aRgfgfa$¦Ñ|$c z aRjd\ x \]\saRcf2{ l ayjd` x ¡Yc`¯jd`{YavJ)`V` 7 do§d[§L H8£a;
Z_j l  x |Ra§1|$aiJj2cma;Z]\&g xol haR`Va;J\Z_j z ¥ l ca;j l g x zdl ¥:|$cZ]cfe {YjZ_XYZ\s^R`Va{Yada;j l eJ xS ch x \sceJ ³
o`V`µ$¢qj x 9\q¶Z x {Yc l a;|3\sceJ1§C|$e9\ lsx c l aR`VaR9\y¶g x ` x ne l c«\s¥&{Ya;Zq}[X z e\_}d^:Z]a:Z¬e l `&j2g¥;a;Z x jHZ_aRcf
{da;ZV`VeY{Y¥RgfcfZ x \sceJ2ZVbdcfe`V¥;| x dci9jda;Z;§-aRgfga2a Z_jdc\ z2x ZV2¥;|$a:Z_Z x c l aR`VaR9\|$aRgfgfa {dag x h l~xS c«\s¥ 7 HJ8=¢
¹©aR\]\saZ_a;|$\_cfe x ¥Rh x ga;`VaR9\¥$\_¥g  eY|;| x Z_cfe{  cf9\ l e[{djdc l aga:Z+`Ve[{ x gfc«\s¥;Z{  c` x ha l cfaqjY\scgfcZ]¥;a;Z z ej l
¥R\_j2{dca l |Ra z }2¥RdeJ`A^;da Ñ` x hJa;Z z2xolw ¥:Z]eJ x 2|RaF x hd¥R\_ci9jda&cf9\ l~x e z ¥ l~x \sec l a:Z³  w Fcµ$§£c` x ha;Z
Kyg«\ lsx W[e2e l a;Z-cfJ\ lsx e z ¥ l~x \sec l a:Z³#KqW[c°µ3§[pqcfZ_ceJ¶W9\_¥ l ¥;e2§  cfhc\ x gfcZ]a l 3  ¢  e l Z_i9jdaui9jdayg  x |;iJj2cfZ_c«\sceJ
{   w F·c  a;Z]\ z2x Zy{YcZ z eJdcb2gaJ§g x cfZ_cfe·Z]\_¥ l ¥Rea:Z\vh¥;d¥ l~x gfaR`VaR9\ujY\scgfcZ]¥;a z eJj l Z_jdc [l agfa;Zy`VejY¦
 aR`VaR9\~Z¯{Ya	Z]j l  x |$a¶aR\Agfa;Z¯jdg\ l~x Z_e2Z¯Z]a l_ aR9\AHg  x  x gfX[Z_a¶{Ya:ZV|$ej|~}da;Z zdl e¬e2{da;Z;¢  a;Z¯¥$\_j{Ya;Z
`Va;d¥Ra:ZmZ]j l g xz2l ¥:|$cZ]cfeV{Yay|Ra;Zm{Ya;jY¡¯`VeY{ x gc\_¥:Z*e9\m`Ve9\ l ¥ui9jdau|$a;ggfa$¦Ñ|$c2¥$\ x c«\"Z_j z ¥ l ca;j l"x j z }d¥$¦
2e`V^Rdaq¥$\sj2{Ycf¥¢ m c` x ha l cfa z2xol©l ¥:Z]eJ x |$aucf9\ l~x e z ¥ l~x \sec l a+¬eJj l dcav{Ya;Z©cfY¬e l ` x \_cfeZmbMa x j|$ej z
z gj2Z&|$e` z gf^$\sa;Z;§1` x cZZ_e zdl c¡¸g x l aR2{ z ej l g  c2Z]\ x 9\c x |R|Ra;ZsZ]cfbdgfaV g x h l~x {YaV` x ne l c«\s¥{Ya;Z
¥R\ x bdgcZsZ]a;`Aa;9\sZ+}de9Z z c\ x gcfa l Z;¢
 Z]jdc\_aJ§g  ¥R\_j2{da¶{Ya;Z`V¥R\_}deY{Ya:Z{Ya|$eJ` z a;2Z x \_cfe{Yj 3b lsx c Z]}2c«°\ x `VcZ aR ¥  c{Ya;2|$agfa;Zz2l cf2|$c z2x ga:Zu{Yc |Rjdg\_¥;ZvZ_ejdgfa  ¥Ra;Z zxol |Ra zdl ebdgf^R`VaJ¢ruj·Z_aRcfH{Ya:Zu`VeY{Y¥RgfcZ x \_cfe2Zb2ceJ`A¥:| x dcfi9jda:ZR§
g x {Yc |Rjdg\_¥  cfaR9\"{Yag x |$e` z gfa$¡Yc\_¥{Yj z }2¥RdeJ`A^;da+¥$\sj2{Ycf¥¢JrycZ]c=§ogfa;Z-¬e l |Ra;Z-`VcfZ_a;ZmaRvnaRjY¡Aa$\mgfa;Z
| xol~x |$\_¥ l cZ\scfi9jda:Z£`V¥;| x dciJj2a;Z{da;Z!` x \_¥ l c x jd¡Z_c`¯jdgf¥;Z l a:Z\saR9\{Ya:Z zxol~x `V^$\ l a:Z1{Yc |Rcgfa;Z!ua:Z\sc`Va l ¢
¹©aR\]\saA{Yc |$jdg\_¥ x {de2|¯|$e{Yjdc\vgfa;Zv|~}da l |~}da;j l ZqjY\scgfcZ]a l {Ya:Zvc` x hJa;Zyc9\ l~x e z ¥ lsx \_eJc l a;Z x 2H{Ya
hJjdc{Ya l gfaRj l `Ve[{d^Rgfaua$\ x cZ]c l ¥:{Yjdc l agfa;Zm{daRh l ¥;Z"{YaugfcbMa l \_¥ 7 Hd§[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 a zdl c|$c z2x gfamcf2|$eJ  ¥RdcfaR9\{Ya|$aR\]\_a xozdz2l eY|~}da l a;Z]\_a"Z_e|Re  Y\!| x g|$j2g x \_ec l a*aR2|Re l a*ba x j2|Rej z \ l e z
¥;ga  ¥ z ej l ª$\ l ajY\_cfgcZ_¥Ra x j|$ej l Z{da¶g  e z ¥ lsx \_cfe1¢ x {Ya;jY¡Yc^;`Aa	Z]eJgjd\_cfe|$eJ2Z]cZ]\_a¶aR»Ma:|3\sjda l
j2 l a:| x g x hade l cfhc{Yaa;J\ l a¯{Ya;Zqc` x ha;Zuc9\ l~x e z ¥ lsx \_eJc l a;Z+aR\qgfa;Zqa$¡ x `VaRZ zdl ¥Re z ¥ lsx \_ec l a;Z 7f;Y§
3 o§2 3 §oY§]L)Y§2	H8É¢ x {Yc |Rjdg\_¥&{Ya  ca;J\ x ge l Zg x¯z2l cZ]aa; |~} xol haq{da g x {YcZ zxol c«\sceJ	{Ya ` x \_cf^ l a
x jº|Rej l ZV{Yag  e z ¥ lsx \_cfe ` x cfZV¥;h x gfaR`Va;J\g  x |Ri9jdcZ]c\_cfe{YaZ_j Z x `A`Va;J\{  cfY¬e l ` x \_cfe z ej l
l ¥ x gcZ_a l |Ra l a;| x g x hJa¢ " jY\scgfcZ x \_cfe¯|Re)neJc9\sa©{Yag  cf` x ha l cfa©Z]\_¥ l ¥;e z ej l g x Z_j l  x |$a|$e l \_c| x ga"a$\*{Ya;Z
j2g«\ lsx Z]eJ2Z z ej l gfa;Z!Z\ l j2|$\_j l a;Z zdl eo¬e{Ya;Z!Z]a;`&bdgfa"ªR\ l a"jd2a©Z_egfjY\_cfecf9\_¥ l a:Z_Z x 9\_aJ¢Ñg[a;Z]\¥;h x ga;`Aa;9\
cf` z e l \ x 9\;§*`Vª;`Aa·Z_cy|RaRg x a:Z\`VeJc2Z z2l eJde2|R¥iJj2a z eJj l g x `VeY{Y¥;gcZ x \_cfeºbdcfe`V¥;| x dci9jda§m{Ya
l ¥ x gcZ_a l j2daqcf` z gf¥R`VaR9\ x \_cfee z \sc`VcZ]¥;aq{Yavg x¯zdl eY|$¥;{dj l aJ¢  a;Z{Ya l dcf^ l a;Z©¥$\sj2{Ya;Z+Z_j l g  jY\_cfgfcfZ x \sceJ
{da;Zm2ej  aRgfga:Z-h¥R2¥ l~x \_cfeZm{Yay| xol \_ah l~xoz }dcfi9jda x 2{  x |R|R¥Rgf¥ l a l gfa zdl eY|$a;ZsZ_j2Zm{YeJddaR9\©{da;Z*\saR` z Z
{da l ¥ x gcZ x \_cfe zdl e`Va$\_\_aRj l Z 7 H9[§ J 8É¢
 d21§!ge l Z{dag  ¥$\sj2{Ya¶{da;Z`V¥R\_}deY{Ya:Z&{Ya )x gfc{ x \sceJ{Ya;Z\sa;|~}d2cfi9jda:Z&{Ya l a;| x g x hJa§Cg  a;Z]\_cf` x ¦\sceJH{Ya¯g  a lsl a;j l |Re`V`VcfZ_a&a:Z\ xzdz2xl jda¯|$e`V`Va&j2 zdl ebdgf^R`Va&|Re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2|$\_cfe {Yaqb x Z_a¢Yrucf2Z_c7§
z gj2Z
δ
x j2h`VaR9\_aJ§ z gfj2Z¯g x Re2a{  c 2jdaR|$a{da¶g x ¬e|3\_cfe{da¶b x Z]a	{Yc`Vcf[jda¢  a:Zh x j2Z_ca;dda;Z
z eJZsZ_^;{Ya;J\g  xS)x 9\ x hau{Yav{Ye2da l jddavc` z e l \ x 2|$ayZ_cfhdc| x \_c  a z2l cf2|$c z2x ga;`Aa;9\ x j  ecZ_c x hay{dj




z a l `Va$\{  x da l g x ;eda{  c 2jdaR|$aZ]eJjd} x c«\s¥Ra{Ya g x
¬eJ2|3\sceJ	{da b x Z_a¢
 BC: 9 À+O!Â Y¿#A!O-Â$: 9 #[  a:Z-|$e` z eJZ x 9\_a:Z
tk
{Ya+g x \ l~x 2Z]¬e l ` x \_cfe
T
l a:|~}da l |~}d¥;a  "$ g  jY\_cfgfcfZ x \sceJ{da  k WVZ]eJ9\-¥;h x ga;`Aa;9\*{d¥$2dcfa;Z"|$e`V`Vajd|$eJ`&bdcf x cfZ_eAgcfd¥ x c l a{Ya+¬eJ2|3\sceJ2Z l~x {Yc x gfa;Z-{Yaub x Z_a
θ(rj)
` x cfZ x jdh`Va;J\s¥Ra:Z{  jd2a z2xol \_cfa x da





Kyda\ l~x Z¬e l ` x \sceJ
T
{  j2 z ecf9\uaR9\ l a {YaRjd¡cf` x ha:Z 3  a;Z]\ x gfe l Z+{Y¥$22ca|Re`V`Va 
T (x, y, z) = (t1(x, y, z), t2(x, y, z), t3(x, y, z))
T
 a;Z k W Z_e9\g  jdda+{Ya;Z lsxl a:Z1|$g x ZsZ_a;Z{da w ® 	jY\_cfgfcfZ x 9\*{Ya;Z¬e2|$\_cfe2Z{Yab x Z_a"{Yc»M¥ l a;9\_a;Z!Z_jdc )x J\























r  a:| ga:Z¶|Re2{Yc\_cfeZ¶{  c9\sa lsz eJg x \_cfe
T (φi) = φ
′
i
l~x `Va;d¥Ra:ZZ]eJj2ZV¬e l `Va·` x \ l c|$cfaRgfgfae z aRjY\















a:Z\qjdda` x \ l c|$a
4 × 3
|Re9\_a; x 9\ygfa;Zq|$e[a |$cfaR9\~Z x da:ZR§
b
jdda` x \ l c|$a
n × 3
|Re9\_a; x 9\
gfa;Z©|$e[a |Rca;J\~Z"2e x V2aua$\aRY2
Θ
jdday` x \ l cf|Ra
n×n
e¨
Θij = θ(‖φi −φj‖)
" xS)x 9\ x hau{da;Z
 Z z gcfda:Z  {Ya©\X z a  +}dcfY¦ z g x \_a  a;Z]\-{Ya z eJj  eJc l |~}deJcfZ_c l!xol bdc\ l~x c l a;`Aa;9\g x {YcZ\ l cfbdjY\sceJ¯Z z2x \sc x ga{Ya;Z
z ecf9\{Ya|$eJ9\ l gfa§` x g}da;j l aRj2Z_aR`VaR9\+|$aRjd¡9¦Ñ|$cMe9\jddavc jdaR2|RayhJgeJb x gfa x ge l Z©iJj2aygfa;Z"¬e2|$\_cfe2Z
l~x {dc x ga:Z¯{Ya	b x Z]a	jY\_cfgfcfZ_¥Ra:ZAZ_e9\¸Z_j zdz e l \A2dc=¢  a;Z k W Z_e9\AhJ¥Rd¥ lsx ga;`VaR9\¯jY\scgfcZ]¥:Z¯gfe l ZsiJj2a
i9jda *g x {Yc»C¥ l aR2|Ra	hJ¥ReJ`A¥R\ l cfi9jdaaR9\ l a ga:Z{YaRjd¡ c` x ha;ZA  a;Z]\ z2x ZA\ l ^:ZAc` z e l \ x 9\sa§*gfa;Z z ecfJ\
{daH|$eJJ\ l Jga·Z_e9\¶a:Z zx |$¥:Z xz aRj zdl ^;Z{Ya·` x 2c^ l a·j2dc«¬e l `Va·aR\i9jda·gfaHdeJ`&b l a·{Ya z ecf9\	{Ya
|Re lsl a:Z z e{ x 2|Ray  a;Z]\ z2x Z\ l ^;Z+cf` z e l \ x 9\;¢
	#&#JÀ ½ S #EDÉ½) d¿-:Ã½ 9   
 a;Z    ZZ_e9\ {Y¥$dca:Z Z]j l jddaVh l cgfgfa
Φ
{Ya
nx × ny × nz
z ecfJ\~Z {Ya|$eJJ\ l JgaAa;Z z2x |$¥;Z{Ya
δx × δy × δz
¢  a;Zy{Y¥$¬e l ` x \sceJ2Z{Yag  c` x hJa Z]eJJ\ l ¥ x gcZ_¥Ra;Za;·{Y¥ z g x;x 9\u|$a:Z z eJc9\~Zu{Ya|$eJ9\ l gfa
{da¯gfaRj lz eJZ_c«\sceJHe l cfhcf x gfa¯| l ¥ x 9\ x cZ]c-jdda z2xlsx `V¥$\ l cZ x \_cfe·|$eJ` z2x |$\_a¯{daAg x \ l~x 2Z]¬e l ` x \_cfe¢
¹©a;ggfa$¦Ñ|$c z eJj )x 9\©Z  ¥:| l c l auZ_ej2Z*g x ¬e l `Vay{  jd z2l eY{Yjdc\©{Yau\_aRZ]a;j l 3  {Yav®"¦ÑZ z gcfda:Z   x `Vcgfcfa l ZR¢













l a zdl ¥;Z_aR9\_ag x h l cgfga{Ya:Z z ecfJ\~Zm{Yau|Re9\ l gfai9jdc z2xol~x `V¥$\ l cZ_a©g x    §
i, j, k
cf2{Yci9jdaug  cf2{Yc|$a
{da;Z z eJc9\~ZA{da |Re9\ l gfa¶aR\
u, v, w
|$e l_l a;Z z eJ2{¸g x¸z eJZ_c«\sceJ l aRg x \sc  a{Ya
(x, y, z)
x j Z_aRcf {Ya:Z
|Re[e l {Yed2¥Ra;Z+{Yag x h l cgfgaJ¢  a:Z  ®©¦ÑZ z gfcfda;Z  jY\_cfgfcfZ_¥;Zu|Re`V`Vav¬e2|$\_cfe2Z{Ya b x Z_a;Z+¥$\ x 9\
B0(s) = (1 − s)
3 B2(s) = (−3s
3 + 3s2 + 3s + 1)/6
B1(s) = (3s
3 − 6s2 + 4)/6 B3(s) = s
3/6
k eJj l \ l eJj  a l g x \ lsx 2Z¬e l ` x \_cfee z \sc` x gacg[Z_j V\-{  cfJ\ l eY{Yj2c l a"jd2a"¬eJ2|3\sceJ&|$e Y\
C
Z]j l g x i9jdaRgfga
j2da zdl e[|R¥;{Yj l a{  e z \sc`VcZ x \_cfe Z]cf` z gaZ_a l~x¯l ¥ x gfcfZ_¥RaJ¢
C = −Csimilarite + λCregularite
λ
¥$\ x 9\+gfav x |$\_aRj l {Ya z eJcf{dZ z2l c  cgf¥RhJc x J\+g x Z_j z a lsz e9Z]c\_cfe {Ya:Z{YaRjY¡c` x hJa;Zej	g x¯l ¥RhJjdg xol c«\s¥v{Ya
g x \ lsx 2Z]¬e l ` x \_cfe1¢ x |$eJJ\ lsx c9\say{Ya l ¥;hjdg xol c«\s¥yjY\scgfcZ]¥;a z aRjY\+ª$\ l avg x `Vcfdc`VcZ x \_cfe¶{daqg x {d¥ l c  ¥
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./*0/! 1"2+ H[
Ñga;Z]\"¥Rh x gfaR`VaR9\ z eJZsZ]cfbdgfau{  jY\_cfgcZ_a l j2daq|Re9\ l~x cf9\_aZ]j l gfay{Y¥$\sa l `Vc x 9\"{Yaug  e z ¥ lsx \_aRj l  x |$eJbdca;
i9jdc l a^$\_a	gfa;Z zdl e zdl cf¥$\_¥:ZAgeY| x ga {Ya g x \ lsx 2Z¬e l ` x \_cfe1¢*¤ueJj2Z xS eJ2Z¯{d¥n] zdl ¥;Z_aR9\_¥ |$eJ`A`Va;J\
|Ra$\ e z ¥ l~x \saRj lz aRjY\ªR\ l a¯jd\_cfgcZ]¥ z ej l {d¥$\_a:|3\sa l gfa;Z )xol c x \_cfe2Zv{Ya  egfjd`VaA{Ya:Zv\_cZ_Z_j2Z |R¥ l ¥Rb l~x jY¡
7 H2§ HJ 8É¢|$c=§£g  e z ¥ l~x \saRj l  x |RebdcfaR¸a;Z]\cf2|Rgj2Z { x 2Zvg x ¬eJ2|3\sceJ/{daV|Re  Y\ x 2/{da z2l c  cgf¥RhJca l gfa;Z
|Re9\ l~x |$\_cfe2Zya$\ a$¡ z2x 2Z_ceJ2ZygfeY| x ga:ZA³
Jac(T ) ≈ 1
µ x j {Y¥$\ l cf`VaR9\ {Ya;Z|$cZ x cfggfaR`VaR9\~ZA³
Jac(T ) =
∞
µ!a$\ l a z gfcfaR`VaR9\sZ³
Jac(T ) < 0
µ$¢ÑgYdeJj2Z l a:Z\sav|Re2|Rgj l aaRZ_ejdgfchJ x 9\*i9jda+ga:Z    Z z aRj  aR9\
 x |$cfga;`VaR9\¯ªR\ l ac` z gf¥R`Va;J\s¥Ra:Z¯{Ya` x dcf^ l a}dcf¥ l~xol |~}dciJj2aa$\¯2ejddc¬e l `Va 7  8+aR {Y¥$22cfZsZ x 9\
{da;Z+h l cfggfa;Z+{Ya z ecf9\sZ|$eJ9\ l gfa x j` x cfgfg x ha{Ya z gjZaR z gfj2ZZ]a l_l ¥ve¨ |$a l \ x c {Ya |$a:Z z eJc9\~ZuZ]eJ9\
x |3\sc«ÃZ aR\&{  x jY\ l a z2x Z_Z_c«ÃZ³7|3 !ch¢m!H[µ3¢1ryc2Z_c=§1cg"a;Z]\ z e9Z_Z_cb2ga{Ya l ¥;{djdc l aVg x {Y¥R¬e l ` x \_cfe  jdda
;eda {  cfJ\s¥ l ª$\` x cZ¥Rh x gfaR`VaR9\+ga\saR` z Zu{da| x g|$jdg=¢
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 E#+)"$% )"2 	 , !0 
 ,?8 > (	 @ , : 8 4.1 @>2( > @> 698 ,?8 :;B 46,1 
 *-& (
5qjY\ l agfa;Z+`V¥$\s}deY{Ya;Z+b x Z_¥Ra;Z+Z_j l g  a$¡[\ lsx |3\_cfe§9g x `VcfZ_aaR |$e lsl a;Z z eJ2{ x |$aq{daZ]\ l j2|$\_j l a x  x ¦
\se`VciJj2a§ z jdcZg  cf9\_a lsz eg x \_cfe/{YaVg x {Y¥R¬e l ` x \_cfe/\sejY\gfa  egfjd`Va£cfgfZaR¡YcfZ]\_a;J\gfa;Z`V¥$\s}deY{Ya;Z
b x Z_¥Ra;ZV{Yc l a;|3\saR`VaR9\Z_j l g  cfJ\saR2Z_c\_¥{Ya;ZVcf` x hJa;ZAe¨ºga:ZA\ l~x 2Z]¬e l ` x \sceJ2Z¯Z_e9\{Ya	\X z a|~} x ` z
{daR2Z_a {Ya{Y¥$¬e l ` x \_cfe	ej |$e`¯bdcf x cZ]eJ{Ya\ lsx 2Z]¬e l ` x \_cfe2Z©gfcd¥ x c l a:ZR¢
Â7½2¿V½ O¿:$U£#
x 2eo\ye z \_ci9jdaa:Z\ujd2a \_a:|~}ddciJj2ab x Z_¥RaZ_j l g  }9X z eo\s}d^;Z_a&{Ya g x |$eJ2Z_a lsSx \_cfe {Yag  cf9\_a;2Z]c\_¥
{davg  c` x hJa x j|$eJj l Z+{Yj	\saR` z Z 7´Y 8É¢
I(p, t) = I(p + ∆p, t + ∆t)
¹©aAi9jdc z a;jY\Z  ¥;| l c l a&¶g  x c{YaA{  j2¸{Y¥  aRgfe z2z a;`Aa;9\v{Ya  x X[gfe l §2aRHchJde l~x 9\ygfa;Zy\_a l `Va;Zv{  e l { l a



















ÑgCa:Z\ z e9Z_Z_cfbdga{Ya|$a lsx `VaRda l ¯jddav¥;| l c\_j l a z gjZ|Re` z2x |3\_ag  x c{Yav{djh lsx {Yca;9\"\_a;` z e l a;g
∆Il a z2l ¥:Z]a;J\ x 9\+g x {Yc»M¥ l a;2|$aa;J\ l agfa;Zu{daRjY¡¶cf` x hJa;Z+a$\y{dj	h lsx {YcfaR9\+Z z2x \_c x g1{Ya:Z+c` x hJa;Z
∇I










a;Z]\+gfa|~} x ` z {Ya{Y¥ z g x |$a;`VaR9\a;Z]\_cf`A¥{ x 2Z+g  cf9\_a l_)x gfgfa{daq\saR` z Zu|Re2Z_c{Y¥ l ¥¢ x¯z2l eJbdg^;`Va












g x g x \_\_c|$ay{da  eS¡YaRgZ;§
C




gfa x |$\_aRj l {Yay|Re9\ l gfaaR9\ l agfa;Z
{daRjY¡\sa l `Va;Z-¥R2a l h¥$\scfi9jda:ZR¢   l ^RhJgah¥;d¥ l~x gfa©g xvzdl e[|R¥;{Yj l a+{Ya l a;|~}da l |~}da©a;Z]\m{Y¥  aRgfe zdz ¥Ra x jVZ_aRcf{  jdZs|~}d¥R` x `&jdg\_c l ¥;Z_egfjY\_cfe 	h l cgfga x { xoz \ x \_c  a x  {  ¥  c\_a l ga:Zv\ l e z h l~x 2{2Zv{d¥ z g x |RaR`VaR9\sZ
aR\ l ¥:{Yjdc l agfaq\saR` z Zu{da| x g|$jdg 7 HJY§ HHd§2d8=¢ x¯z X l~x `Vcf{da{da;Z  eJgj2`Aa:Z
Ik
a;Z]\|Re2Z]\ l jdc\ z2xol Z_ej2Z
¥:|~} x 9\scgfgeJd x haVa$\g«\ lsx hah x j2ZsZ]cfaR§|$a¶i9jdc z a l `VaR\¯{  a;Z]\_cf`Aa l ·|~} x i9jdadc  a x jjddci9jdaR`Va;J\
dvk
i9jdc£a;Z]\ujY\_cfgfcfZ_¥ z eJj ll~x da l
vk
¢
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" x ghJe l c«\s}d`Va¶{Ya;Z  ¥R`Ve2Z z2xl \V{Ya¶g  }[X z eo\_}2^;Z_ai9jda¶gfa|Re9\_eJj l {Ya	g  eJbYna$\Aeb2Z_a ls ¥
O
a:Z\
j2daV`Aa;`&b l~x 2a¯Z_aR`Vc«¦ z a l `A¥ x bdgfa xS a;|¯{Ya;Z{Yc»Cj2Z]a;j l ZgaAgeJdh {YaZ x {Yc l a;|$\_cfe/de l ` x gfa¢  aAbdjY\
{da|Ra$\ x gfhe l c\_}2`Aaqa;Z]\u{Yav x c l a|$e l_l a;Z z eJ2{ l ayjd2avcf` x hJaq`VeY{Y^Rgfa
J
xS a:|yjd2avcf` x hJaqeJb2Z]a l_ ¥Ra
I
¢




x hJc l~x gfeY| x ga;`Aa;9\a; z ejZ_Z x 9\ gaV`VeY{Y^Rgfa
J	g  cf9\_¥ l cfaRj l {da
O




a:Z\ g x bMaRgfgcZ]¥  cfJ\s¥ l ca;j l: aR\c  a l Z]a;`Aa;9\
Z_c|$aRgfjdc¦É|Rcya:Z\	¥$\_ci9jda$\s¥  a$¡[\_¥ l cfaRj l; 7 J 8=¢ k gfj2Z_ca;j l Z )xol c x 9\_a;Z{YaH|Ra$\]\saH\sa;|~}d2cfi9jda¸a$¡YcfZ]\_a;9\Z]a
{dc«»C¥ l aR2|Rc x 9\ x j dc  a x j{Yag x {YcfZ]\ l cfbdjY\_cfe{da;Z{Yc»Cj2Z]a;j l ZR¢ k*xl a$¡YaR` z gfa\sej2Z gfa;Z  eS¡YaRgZ {Ya
Iz aRj  aR9\"ªR\ l ay|$eJ2Z_cf{Y¥ l ¥:Z"|Re`V`Vay{Ya;Z  ¥;`Ve2Z;§ x j2i9jdaRgM| x Z*ga:Zm¬e l |Ra;Z l ¥RhJcfZsZ x 9\mga zdl eY|Ra;ZsZ]j2Z©Z]eJ9\
{dedd¥;a;Z z2xl ga 2e\e z \scfi9jdaJ¢ Ñga;Z]\¥Rh x gfaR`VaR9\ z e9Z_Z_cb2ga·{Ya{Y¥R2dc l jddci9jdaR`VaR9\gfa;Z|Re9\_eJj l Z
{da	g  ebYnaR\{dag x Zs|$^R2a	eJb2Z_a ls ¥Ra	|$eJ`A`Va ¥$\ x 9\jdaR2Z_aR`¯bdgfa {  aR»Ma:|3\_a;j l ZR¢  d21§mg x {Ya l dcf^ l az eJZsZ_cbdcfgfc«\s¥mge l Zsi9jda-g  cf` x ha*a:Z\{d¥n]uZ_aRhJ`Aa;9\_¥Ra*a:Z\!{Ya z g x |Ra l gfa;Z  ¥R`VeJ2Z x j dc  a x j{damg  cfJ\sa l  x |Ra
a;9\ l a{daRjY¡¶g x bMaRgZ;¢





`VeJc2Zcgua:Z\ z eJZsZ_cbdgfa·{Ya l ¥RhJjdg xl cZ_a l |$a$\_\_a\ lsx 2Z]¬e l ` x \_cfe aRjY\_cfgfcfZ x 9\jdgfcfZsZ x ha h x j2ZsZ]cfaR1§
j2da|$e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g x \ l~x 2Z]¬e l ` x \_cfe zdl eJh l a;ZsZ]c  a
TF
a$\ l ¥R\ l e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 l ¥;Z_c{YjdaRgfgfa
à¬í!á1à°ã
 	
 		 !#"$%&'	#()"$%*+-,! 
./*0/! 1"2+ H L
R = TB(TF )







 a l Z-g x \ lsx 2Z]¬e l ` x \_cfeAcf{daR9\_c\_¥J¢ m x gfhe l c\_}2`Aa{Ya:Z  ¥R`Ve2Zma;Z]\"bdcfaR x { xz \_¥ x j l a:| x g x hJa{   w F
cf9\_a l Z_j)na$\~Zy| xl |$eJ`V`Aa&ga eo\ye z \_ci9jda&|$aR\]\sa¯{Y¥;` xl |~}2a z2xol \q{Yag  }9X z eo\s}d^;Z_a&{  jdda&|Re lsl a:Z z e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¢Ñg2a:Z\m2¥ x 2`AeJcZ z e9Z_Z_cfbdgau{daug  x { xoz \sa lmx j| x Z*`¯jdg\_cf`AeY{ x g2|$eJ`V`Aa
g  e9\1 x c\-tvj2c`Ve{ \
4 7 3  89a; x g\_a l  x 9\1jdda"¥R\ xz a{Ya©|Re lsl a:|3\_cfe z2xlsx `V¥$\ l ciJj2am{Ya;Zc9\saR2Z_c«\s¥;Z
z jdcfZ+j2da ¥$\ xoz a{Ya l a:| x g x hay`VeJde`VeY{ x g=¢
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ab x Z_¥Ra:ZZ]j l g  cf9\_aRZ]c\_¥{Ya:Z  eS¡[a;gfZ;§YcfgfZaR¡YcfZ]\_a¥;h x ga;`Aa;9\
j2da xozdzdl eY|~}dae¨	ga |~} x ` z {Ya;2Z_a{da{Y¥$¬e l ` x \sceJ¶a:Z\ua:Z\sc`V¥aR `Vc2c`VcZ x J\g x {YcfZ]\ x 2|$aa;J\ l a
gfa  egfjd`Va¶Z]eJj l |$aa$\Aga  eJgjd`Va¶|Rcb2gaJ§Z_ej2Z&jdda|Re9\ l~x cf9\_a{Ya l ¥;hjdg xol c«\s¥{Y¥ l c  ¥Ra{Ya`VeY{Y^Rgfa;Z
z }9XYZ_cfi9jda:Z Y¥;g x Z\scfi9jdaeJj 2j2cf{YaJ¢
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¹©eJJ\ lsx c l aR`Va;J\ x j l a;| x g x ha zxol `VeY{Y¥;gcZ x \_cfeb2ceJ`A¥:| x dcfi9jdavi9jdcMZ_cf`&jdgfaR9\©gfa;Z{Y¥R¬e l ` x \_cfe2Z
Hg  x c{Ya {Ya | xol~x |$\_¥ l cZ\scfi9jda:Z{Yjº`Ve2{Ya l ¥;aRg=§-ga l a:| x g x hJa¥Rg x Z]\_ci9jda|Re2Z_c{Y^ l a¶g  cf` x hJa|$eJ`V`Aa
j2` x \_¥ l c x ji9jdc+Z_a{Y¥R¬e l `Aa¶c2{d¥ z aR2{Ya;`V`Aa;9\V{Yag x  x \sj l a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g  e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\X z a&{  xozdz2l eY|~}dag x {Y¥R¬e l ` x \_cfe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¢
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l g  ¥;i9j x \_cfe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³  qk µ{Ya¤ xS cfa l 
µ∇2v(x, y, z) + (λ + µ)∇(∇.v(x, y, z)) + f(x, y, z) = 0
eJ¨
v
a;Z]\-gfa|~} x ` z {Yau{Y¥ z g x |$a;`Aa;9\;§
f
g x ¬e l |$a+a$¡[\_a l 2a§
∇
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∇2
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λ, µ
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¯{Yj zdl e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a:Z£{Y¥$¬e l ` x \sceJ2Z;¢:¹©a z aR2{ x 9\;§
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2Z_cf{d¥ l~x bdgfaR`VaR9\*gfa;Z*\saR` z Z{Yay| x g|$jdg=¢ vx 2Z©|$av| x Z"{Ya2hJj l ayg   qk jY\scgfcfZ_¥Raa:Z\g  ¥:i9j x \sceJ	{Ya¤ xS ca l ¦W9\_eY|  a;Z 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aR\
v
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`VeJ2{Ya l ¥Ra;g7¢ k-xl aR¡[a;` z gaJ§2cfga:Z\ z e9Z_Z_cb2gaA{Ya l ¥ x gfcZ]a l jd·`VeY{Y^Rgfa&{Ya:Zq{d¥$¬e l ` x \sceJ2Zu|$¥ l ¥;b l~x gfa;Z;§
{dj&{Y¥ z g x |$aR`Va;J\!{Yam\scfZsZ]jZ{Yj&yg x | l ecZ_Z x 2|Ram{  jddam\sjd`VaRj l 7 J 89ejbdcfaR&aR2|Re l am{Ya;Z`Vej  aR`VaR9\sZ
{djV|Re[aRj l Z x jV|$ej l Z*{YaZ_eV|$XY|$gfa¢ k eJj l Z_a© x c l a+cg[ x jY\"|$eJ2Z]\ l jdc l a+jdA`AeY{Y^;ga`V¥:| x 2cfi9jda l ¥ x gfcZ\sa
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jY\scgZ|~}dc l j l hc| x jY¡£¢ x&z gfj z2x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hJ¥Rd¥ lsx ga;`VaR9\ l ¥ x gfcfZ_¥RaZ_e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l |~}2a l a;Z]\_aa;2|$e l a+\ l ^:Z*gfaR9\_ay | x j2Z_au{Yj|Re  Y\©| x g|$jdg x \se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ª$\ l aVcf9\ l e[{djdc«\ { x 2Zga{YeJ` x cfdaA{dj l a;| x g x h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